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Abstract

On the basis of the approach developed in the previous
paper [Bugaev & Chepul’skii (1995). Acta Cryst, AS1,
456-462] within the framework of the multicomponent
lattice gas model, the symmetry properties of the unary
and binary mixing potentials and of the Fourier
transforms of the binary potential for disordered
interstitial-substitutional solid solutions with f.c.c.,
b.c.c. and h.c.p. crystal lattices are analyzed.

1. Introduction

In the previous study (Bugaev & Chepul’skii, 1995)
(hereafter denoted paper 1), within the framework of the
multicomponent lattice gas model, the symmetry proper-
ties of many-particle mixing potentials for a solid
solution with a given arbitrary crystal structure were
considered. The relationships between the matrix
elements of mixing potentials and of their Fourier
transforms caused by the space symmetry of the crystal
structure were obtained. The aim of this paper is to make
specific the above-mentioned relationships for the f.c.c.,
b.c.c. and h.c.p. disordered crystal structures, taking into
account the possible distribution of the atom components
(substitutional and interstitial) among the sites and
octahedral and tetrahedral interstices of the crystal
lattice. Consideration of all these types of position
within the framework of the unified scheme is dictated by
an aspiration to make the results of this work applicable
to traditional substitutional or interstitial alloys and also
to the alloys in which the atoms of one or other
component can change their coordination under the
variations of external thermodynamic parameters. Ex-
amples are some metal-hydrogen alloys in which the H
atoms can occupy both octahedral and tetrahedral
interstices of the crystal lattice of one metal (e.g.
Fromm & Gebhardt, 1976). As another example, one
can consider so-called hybrid substitutional-interstitial
solid solutions in which the atoms of one component can
occupy both the sites and the interstices (McLellan,
1989). We restrict the consideration to the cases of binary
and unary mixing potentials since they hold a central
position in the advanced theories of solid solutions.

In §2, the results obtained in paper 1 concerning the
symmetry properties of the injection and binary mixing
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potentials and the transformation rules for the Fourier
components of the latter are summarized.

In §3, the lattice gas model is implemented for the
distribution of atoms of corresponding components at
sites and at interstices (for both octahedral and tetrahedral
coordinations of interstitial atoms) in f.c.c., b.c.c. and
h.c.p. crystal lattices. This consideration involves the
cases of substitutional, interstitial and composite inter-
stitial-substitutional solid solutions simultaneously. Inter-
change rules between positions of different types due to
the symmetry operations are obtained.

In §4, it is shown that, at each considered f.c.c., b.c.c.
and h.c.p. disordered structure, the injection energies for
positions belonging to the same type of position (site,
octahedral or tetrahedral interstices) are equal. The
symmetry analysis also allows us to list the coordination
shells where noncentrality (anisotropy) is possible for
interatomic interactions of the components (both inter-
stitial and substitutional) in the above-mentioned crystal
structures.

In §5, the selection of the independent matrix elements
of the Fourier transforms of the binary mixing energies
for the f.c.c., b.c.c. and h.c.p. disordered structures is
performed (on the basis of the symmetry requirements
imposed on these matrix elements) and the explicit
analytical interrelations between the dependent and
independent elements are obtained. The results can be
used to control the symmetry adequacy of interatomic
potentials obtained both on the basis of the semi-
phenomenological consideration and within the first-
principle theories of the solid solutions with correspon-
ding crystal structures.

In §6, the matrices of the Fourier transforms of binary
mixing energies for the case of the high-symmetry points
of the reciprocal lattice of disordered f.c.c., b.c.c. and
h.c.p. structures are constructed, taking into account the
symmetry relationships between corresponding matrix
elements. The importance of the similar separate analysis
of this particular case is determined by the fact that the
corresponding independent matrix elements are the basic
parameters of the advanced theories of solid solutions
(e.g. de Fontaine, 1979; Khachaturyan, 1978, 1983;
Yukhnovskii & Gurskii, 1991). In these theories, the
symmetry information on a structure of the Fourier
transforms of the binary mixing potentials is sufficient
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for the choice of the convenient sets of basis functions
for expansions into series within the concentration-waves
method when analyzing the possible channels of
structural instabilities in solid solutions.

2. Symmetry of unary and binary mixing potentials

The potential E of the multicomponent solid solution
within the generalized model of a lattice gas, taking into
account the one- and two-particle interactions, can be
obtained from formulae (1.9), (1.34) and (1.36):*

E=Vy+> Z PNy
Pa—l

Z,

312 X X EW‘"Z(Rl

RiLR;, pip o= ay=of?
X Co,(P1s Rl)Caz(pb Ry). 1)

Here, V, is the potential of the solid solution in which
any sublattice p is completed by the particles of type a,
N, is the total number of « particles in the p sublattice,
¢>°‘ is the potential of i mjectlon of the a particle into the p
posntlon (the unary mixing potential), wp*(R; — Ry) is
the binary mixing potential, which we shall call in this
work the mixing potential of the solution. The quantities
C,(p, R) are defined by (1.3):

R))

1 if the position (p,R) is occupied by
an a-type atom )
0 in the opposite case;

Co(p,R) =

the summations over R and p are taken over N primitive
unit cells and v sublattices, respectlvely, and the
summation over « is taken over af, «f,..., az types
of atoms allowed for in the occupauon within the
sublattices p, excluding the type af.

In accordance with paper 1, the choice of the primitive
unit cell (determined by the set of radius vectors R) in the
multicomponent solid solution (MSS) in the given
structural state should be performed in such a way that
the set {R} coincides with the set of translation periods
of the space symmetry group G. Thus, in the disordered
state, the MSS space symmetry coincides with the space
symmetry of the MSS crystal lattice and we can use the
primitive unit cell of this lattice without any changes. In
this case, unlike the case of the ordered state, the
sublattices p are distinguished by the crystallographic
factor only.

The symmetry relationships for the components of the
injection and mixing potentials in accordance with

*The references for the formulae from paper 1 are presented in the
form (1.XX). The number after the point is the equation number in
paper 1.

SYMMETRY OF INTERATOMIC LATTICE POTENTIALS. 2

(1.35), (1.37) and (1.38) have the following form:

o8, = @, 3)
WEB(R) = whs(—R), @
W (R) = w(R), ®

where the primed quantities can be obtained from non-
primed ones as a result of the symmetry transformation
g = {Sit(S) +R,,} (see paper 1, §3) belonging to the
symmetry group G:

X(p',R) =gX(p,R) (6)
[X(p, R) = R + h, are the radius vectors of the positions
(p,R), h, are the vectors of the primitive unit-cell
basis].

The matrix |#26(K)|| of the mixing-potential Fourier
transforms is defined by (1.39) as

0 = Pwi® expl—ik, RL ()

The relationships between the elements of this matrix
according to (1.40)1.43) can be represented as

Wyt (SK) = W58 (k) expli(Sk, b, — ) — i(k, h, —h,)),
®)

At (—k) = Wye k), ©)

W (k) = whe(—k), (10)

ek + b) = Wie (K), an

where b is an arbitrary vector of the reciprocal lattice.

3. The rules of position types interchange under the
symmetry transformations in f.c.c., b.c.c. and h.c.p.
disordered structures

Under sufficiently high temperatures (but lower than the
melting temperature), solid solutions are, as a rule, in the
disordered state.* If the temperature is lowered, the series
of step-by-step phase transformations of the ordering
type take place. Thus, the disordered state is an initial
state for all following ordered states of solution.
Therefore, it would be reasonable to consider disordered
solid solutions first.

Let us consider the disordered interstitial-substitutional
solid solution based on f.c.c., b.c.c. or h.c.p. lattices.
Suppose corresponding atoms (interstitial and substitu-
tional) are distributed among the sites m, octahedral o
and tetrahedral ¢ interstices of these lattices. In Figs.

*The exclusions are some intermetallic and ceramic chemical
compounds, in which the disordered state cannot occur.
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1(a)(c), the relative arrangement of the sites and
interstices within the primitive unit cell formed by the
elementary translation vectors a; (i = 1,2,3) of f.c.c,
b.c.c. and h.c.p. lattices, respectively, is shown.* The
coordinates of the vectors that specify the positions of
sites and interstices within the primitive unit cell are:}

fc.c.
h, = (0,0,05; h, = (3.7.3);
h, = (44 b= G39)
b.c.c
h, = (0,0,0);
by = (039 b= (.00 hy=(.4.0)
b= (G40 b=@.30 B =12
b= (4D b= G4 b =G50
h.c.p
RSO R WS
h, = (0,0,0),; h,, = (0,0,3),;
h, =(.2,1+4),; h, =21 4),;
b= G.13-4); b, =(@3,1-4),

* In the h.c.p. lattice, the vector a; is directed alongside the sixfold
axis (c axis), a, and a, are normal to a; and form an angle of 120°, the
origin of the primitive unit cell is placed at the center of the inversion of
the h.c.p. crystal (at o, interstice).

+ The coordinates are given on a crystallographic basis {a;}, i.e.
hy = (X,, X5, X3) = X,a, + X,a, +X;a; (where X is any of the
positions in question).

(©)

Fig. 1. Relative arrangement of the sites and interstices within the
primitive unit cell [formed by the vectors a; (i=1,2,3) of
elementary translations] of (a) f.c.c., (b) b.c.c. and (c) h.c.p. crystal
lattices.
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where A = (1/3)(a/c)* and a and c are the translation
periods of the h.c.p. lattice in the basis plane and in the
normal direction to it, respectively.

The space symmetry groups of f.c.c., b.c.c. and h.c.p.
lattices (and, therefore, of corresponding disordered
solutions based on them) are O; = Fm3m, Oj = Im3m
and D}, = P6,/mmc, respectively (International Tables
for X-ray Crystallography, 1952). In Tables 1-3, the
interchange rules for the sites and interstices of the
different types are shown for the cases of f.c.c., b.c.c. and
h.c.p. lattices, respectively, under the lattice symmetry
transformations. In these tables, in every row correspond-
ing to the symmetry transformations {S|z(S)}* (from the
space group of the lattice under consideration), one finds
the vector k' =Sk in the third column and in the
following columns the types of site and interstice that
correspond to the new [obtained as a result of the
symmetry transformations {S|z(S)}] positions of all types
of site and interstice. For example, under the symmetry
operation i(x, y, z) for the h.c.p. lattice,

k1, kay ky) = (=Ko, —kp, ks );

/
0,—>0;,=0;....

/ .
my—>m; = my;

Note that the interchange rules for the positions in
f.c.c. and h.c.p. lattices are the same for those elements
{S|7(S)} of the corresponding space groups that have the
point-group transformations S belonging to the same
class (indicated by the horizontal heavy lines in Tables
1-3).

4. Symmetry of injection and mixing potentials

From Tables 1-3 and the general symmetry rules (3) for
injection potentials, we obtain

f.c.c.
o =L,
b.c.c.
P2 =% =08, PF =P =% =L =P} =P,
h.c.p.

o __ A o ___ X Y A Y
L =7, PL =L, P =L =P =P,

Thus, in every case of disordered solid solution under
consideration, the injection potentials for the positions of
the same type (one of m, o or ) are equal.

It follows from the symmetry properties (5) that the
mixing potential of any two types of particle that are
situated at two positions in the crystal lattice must be
equal to the mixing potential of the same particles
situated at two other positions if even one symmetry
transformation, which sends one of these two pairs of

*The designations of the elements of the point groups O,(m3m) and
D¢, (6/mmm) are the same as ones adopted by McWeeny (1963).
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Table 1. The rules of position interchange under the symmetry transformations of the disordered f.c.c. crystal

Structure

or* (o] mmmi |™|o]ufe or* lopt] mimmi |™lolafq
v l°} xyz kyokgky miojleg |t {IIO} xyz —ky, —kq—ky miole|y
{c;"\o} oy kykyky miogyele {s:n‘o} yzx kakyky miojgele
Gao) Il K N RN K ) e e R
{c;‘]o} Xy | k- kyuk,—ka—k, | Mol 6 |t {s:ﬁ}o} yzx | ky—k, ko ka—k, |10 10
{E;'/'|o} VX | ky-ky—kyky=ky | O 6| O { §-'i|°} oy | ky-kky-kuky, |00
{emo} | 2V | ~koke=kaki=ks [T} O N 0 | 12 {srjo}| Y& | ki-kuki—kiky |7 ]9 8|0
{c_:"|o} Vx| ky—ky ky—ky~k PO 4 |0 {§,‘""|o} Zxy | kyky—kpky—k, |||
{c;‘ﬂio} Xy | ky—ky—kuky=k, J Mo e |8, { S?IO} yex | kpk,-kok,—ky 71O 0
{c;""lo} ¥ZX | -k, k ~kpuky—k, {9 4 | 1, {g's.lo} &y | k -k koko—k, | MOty
{czio} |2 | ko-kukaks=ky | M| O ) 6| 0 {sq0} | XY | ka-kki=ka=ky | T} O 0 | e
(&) xzy | k, -k ky-kok, |0 60 (50} XZy | ky-ky -k ki ~ky [T O F 4 | 8,
{c:]o} 2yx | k -k k—kyk, YO | { s:|o} yX | ~kyky—kyky—ky [T O] 8 | 8,
(€210} Zyx | kyky-koki—k, MO8 {5210} Zyx | ky—kyky—k-k, MO |
{c:|o} Yz | kyky—kyk,-k | POt {s:]o} VI ky-k~kok-k |l o) 0t
{&210) Xz | ky-kyukoky -k, [M1O) ]y {5z/0) WXZ | —kpky—kpky =k, | MO8 |ty
{C;IO} XyZ | ~k, ky-kpky—k, | T1O] ¢ |t {a"|0} Xyz | ko k-kuk—k, |2t |0
{ciio} |7 [ ko-kekuki-ks | hO L | 1, {orl0} | 92 | ka-kakako=ki | ] 0| 12| 8
{ezlo} | ¥72 | k2= kokes — ko= mlofsgie {olo} | 22| ko-kuko=kiky [T O )t 11
{c;'lo} VZ | ky—ky kg kg ks mipofq | {aﬂlo} yxz kyoky Ky miloty |
{e ;?|o} yxz —kg =Ky =k, mlol iy {,,nm Xz { k -k ky=ky-ky | 6]
{Cz"lo} Zyx | ky—kukuky—ky |0 6| {anlo} X Kyokyiky mlotpe |,
{c;; 0} Zyx ~ky, ~ky —ky miote | { oi]o} Zyx | k,—ky—kuky~k, ™Y1 |1,
{crio} | ¥ | koki—kaki=ky [0 )& | 1, {a"j0} | ™ ky ks k, miodyg |
{c ;*]0} xzy —ky,—ky—k, mioyei {oﬁlo} X2y | -k k- kyko—k, { My oy |0,

*The elements of the corresponding symmetry group represented in the Seitz (1936) notation.

t The elements of the corresponding symmetry group represented in the International Tables for X-ray Crystallography (1952) notation.

1 Transformations of the coordinates of vectors with respect to the basis of the reciprocal lattice under corresponding symmetry transformations.
§ Type of position in which the position of #, type transforms under corresponding symmetry transformations.

positions to another, exists. Therefore, if we fix the
position of any one particle and draw imaginary
coordination shells around it, in the general case not all
positions in each chosen coordination shell can coincide
owing to the application of all symmetry transformations
of the solid solution, which retain the position of the
origin of the shells to be fixed. Thus, the important
outcome of the crystal symmetry is the property of
noncentrality (anisotropy) of the interparticle interactions
in the lattice gas, which exhibits a dependence of the
pairwise mixing potential on the orientation (with respect
to the crystal lattice) of the vector that connects the
positions of particles in a pair.

Using (5), we can obtain the coordination shells where
the noncentrality of the interatomic interactions can take
place. Hereafter, the necessary condition of noncentrality
is the case when the set of positions within the
corresponding coordination shell may be divided into
groups of positions that cannot be made to coincide with

each other by any symmetry transformation (with the
origin of the shell stationary) of the solid solution. In
Tables 4(a)—(c), the results of a similar consideration for
the disordered solid solution are shown. Each row of
these tables is characterized by the type of position
chosen as the origin of the coordination shell (m, o or t is
given at the beginning of the row). Each column is
characterized by the position type forming the coordina-
tion shell (m, o or ¢ is given at the top of the column).
At the intersection of every row with columns n,, n,, n,
and columns r,, r,, r;, the numbers and the radii,
respectively, of the first three coordination shells
(composed of the positions of those types that
characterize the column and formed around the positions
of those types that characterize the row), the possible
noncentrality of interatomic interaction is specified.
Thus, for example, in the case of the h.c.p. lattice,
choosing position ¢ as the origin (any ¢ position: ¢y, &, 3,
t,) and considering the coordination shells formed by the
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Table 2. As Table 1 but for the b.c.c. structure

0 *lop¥l wikiks I |™|ailalofn§glala]|e|n g * lopt] mmmsl |™latlo|o]ufie | nlulaln
{U |°} xyz Ky kyiky Mlololog|ts |ttt t]t { I]O} xyz kg, =Ky —k, mlo|lo|og t|t|te]lt|t:]|t
{C ;yllo} zxy kyoky ky Mlo,jo o it |t]t|te]t { S."'IO} yzx —k,,~ky,—k, mloy|o|olt,| |ttt |t
{0} yz kyky Ky MMloy|o|otlt|t]t]|t]s {50} Xy —kyi—ky =k, Mmlo|log|o|lt|t|ta]taita|t
{ ¢ f|°} zxy | kyky ki —ky—ky | oo |o |t |t |t ]2 ta]te { s.""|o} ¥Zx | -k k,+ky+ky—k | M oy |0 |0 |ty | {2 | s | ta | s
{2710} VX | ky—kj—ky—ky ke, [T oy 0 ot tu [t ]ttt {52710} oY | -k o~k k rky vk | Mo oy o b Lt |t s feg |t
{c ?’10} XY | -k, —ky—kykpky | T o |00t |t |t G|0]N { s:\ilo} Y& | —ky,—kp k otk +k ] Moy o o, ||ttt ]|t
{6240} VIx | kyky—ky -k =k | M oy |0 o |t |t [t ]|t |t {570} oy |k kg r k-kp-k M o, [0 o f s [ 6 [0 | 6| 4 | 0
{C;_"IO} x| ky—ky—ky—kyky [ Moyl os |0 |t [t [t ] ]t |t {s:ﬁlo} b R R K IR A B
{C_,"_"’|0} VZX | ~k,—k, -k, ko ky | M oy |0 jo ||t 0 |5 {aﬁlo} Xy |-k kv ky vk ks | ™oy |05 [0 f [t |t |t ts ]t
{C:IO} XZy | —ky ky+ky+ky, ki | Lo | ooy [ s ts [t fte| |ty {s:lo} %2y | kyki=ky ki ks Plo|olo|t|tft]t|t]|n
{Ca'lo} XZY | kg =k kytky+ k| Mooy |0 fty [ ||tttk {E:IO} 2y | ky—ky=ky-ky by | "o [0 fo |t [0 | 6] 6|0
{czio} | 2% [tk skt "o fo [ o] a0 |6 ]n|a]n {si0} | 7| -k-ka-kukiky | |osj o [0} 6 |46 LU]|t,
e} [ |k ek kb ™ o o fo Ll o fa ] a]n s {s70} | | kakuki—kaka [T Loy oy fo |t 6 N6 )0 |2
{cio} | P2 | .+ katkakok | P |0 | oo [t |t || 0] 6|5 {sifo} [ PE  kski-ka-kaks | " f0s |0 |oa] b |t [ Lf b |t |k
@) |7 [k kb oo lo|ulsla]a]u]e {sij0} | Y% | “—kamkakak [T Nopf o o]t it | b ) tu|ty |t
{exio} |77 | k-ka-kakaks | o or o fu |t |t fnfs ] {oo} [ ¥ [ thuthakk] "o oot |6 ]G] |L
{czjo} | 2 | kaki-kakaki | M| o fofo |t | 6|t ||t |t {0} |72 | *rkitkath k| ™[0 o]0t | it |t|b|b
{c;]o} 792 | Kok ko kako |7 002 |0 8 | & |t ] 00| te | & {,,:|o} xyZ | ~kp-kp ki +ky kg | P Lo Jofo |t | |0 6]t
{eo} | 72 |-,k s kark| Moo fa ]t |6 |a]|6|n {70} | ™ Ky ky Ky mlolojoltu|elt]a|t]n
ert [ &k [m]efa{a]a]s]n]u]6]s [o]o} | 72 | kekehi-ko-ks | " Jojo [0 |t |6 it]t|t]|8
fe=o} [ # [-xk ks kk ][00 [a | e |u|u]n]n]n {o=o} [ e i R R KA R R R
ez} || *okek [m]ofalafn|n|a]s]u]|n {o=io} | % | hhi-ka-kaks [T Hosj0s o |t [t |t |t |0
e K R R B A R {o7l0} | ™" Kaukacks Tlafos|o]ts )Lt
ferpp} |77 kekoke [ Lo oo |n|n]nfn]s]t {o%(0} | 7 | ki -ka-kskuks [ Jorfosjo |tk |t ]|ttt

*The elements of the corresponding symmetry group represented in the Seitz (1936) notation.

+ The elements of the corresponding symmetry group represented in the International Tables for X-ray Crystallography (1952) notation.

1 Transformations of the coordinates of vectors with respect to the basis of the reciprocal lattice under corresponding symmetry transformations.
§ Type of position in which the position of #, type transforms under corresponding symmetry transformations.

o positions (all types of octahedral interstices, i.e. both 0,
and o0,) around the origin, we obtain the possible
noncentrality of interactions at the third, fifth and

seventh  coordination  shells with the radii
(a/2)(11/2)'2, (a/2)(57/6)"* and (a/2)(27/2)'?, re-
spectively.*

From Table 4(a), one can find, for example, that, in the
case of the f.c.c. lattice, the noncentrality in interatomic
interaction (under the increase of the radii of correspond-
ing shells) for tetrahedral coordination can appear at the
third coordination shell first. For the cases when the
atoms occupy the positions of the same class (m, o or ?),
the noncentrality can appear first at the ninth shell and,
for the positions of different types, at the fourth shell.

*It is important to note that in the case of the h.c.p. lattice the
corresponding results depend on the ratio of ¢ to a. The noncentrality
shells presented in Table 4(c) correspond to the case of the ideal ratio
c/a=(8/3)"* ~ 1.63.

It follows from the consideration summarized in
Tables 4(a){c) that the noncentrality of interatomic
interaction can take place even at sufficiently closely
spaced interatomic distances and, thus, must be taken
into account under the consistent statistical-thermody-
namic analysis of the solid solution. For example, in the
case of the h.c.p. lattice [Table 4(c)], noncentrality is
possible at the first shell for the cases of atomic
coordinations of the types site-site and site—tetrahedral
interstice.

Note that only necessary conditions of the existence of
noncentrality have been used here. Therefore, under the
microscopic calculations of interatomic interaction
energies, it may be that at some predicted coordination
shells [see Tables 4(a)~(c)] the noncentrality is lacking.*

* The inverse situation cannot occur: other shells of the noncentrality
(within the given radius) that are different from those obtained cannot
exist.
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Table 3. As Table 1 but for the h.c.p. structure (t = a;/2)

| D, * o4 1 Kokt t dmimlololgSleg 6|0
{ujo} X3 2 kknk, |m|mialalalalaln
{C,I‘r} X, y,1/2+2 =k,=ky, Ky mimjloalalala|bu]s
{C,[O} e -k, |mim|alalu|a 5|4
{(,_',Io} y-x,%,2 ka-k-kk|m| mlalala]la|4s|a
{cgz} | x-»x1/2+2| -kk+hk [mlm|ajalala]|t|s
{El‘r} »y-x1/2+z2| k+kg-kk |m|m|latala|a]|4u]|s
{C{"|0] X=3VZ ky~k-ky-hlmimja|lals|4u|n|n
{C§”|0] P Xz k. Kk, -k, m m|a|la]lsibt|a|h
{d’)"’] X, - x,3 k- k,-kim|m|a|als|4a|ala
{ x”’l?} x-p1/2-1| k+k,-k,-k|m|m|la|lalu]s |6l
{ 1n)|-r} y=5nl/2-2| -k k+k, -k |mimla|alu|n 6|8
{c’(uil-,} ¥ %1/2-2 ~kyy-ky-k |m|m]laia]ltu|s|a]|n
{ito} X, “ky-ky-k [m|mlalaln|uinlsg
{ai} | ®mw1/2-2 kyky—k |m|mjojafja|n|n|n
{s.lo} Py =%z k+k,-k,-k|m|[mla|lals]ala|n
{§.|o} X=X,z “kk+k,-klm|m]lala|ln|la]a|n
{sf} {r-»%1/2-2| hy-k-k,-k|m|[m]|ala |t |afa|q
Sz} | Pox-»1/2-2) -k-kkk | m|m|aja|u|s 6
{o‘”’|o} Y- X2 ~kpk+kk [ m mlaloa|lala|n |y
{a[u)lo} R7% %4 ~kyy~ki by m mloa|loalh|blb (L
{"Ml"} Xy X = P2 k+k,-k,k, | m|mla|laja|na|s|a
(o} | #7717 242 kochkky | m|m e fafala]uln
{om]'r} Vx1/2+2 ky, ki, ky m|lmloloajh|b]|t]|h
{dmr‘,} y-x1/2+2 | k-kok |mimfofa s a4

* The elements of the corresponding symmetry group represented in
the Seitz (1936) notation.

T The elements of the corresponding symmetry group represented in
the International Tables for X-ray Crystallography (1952) notation.

1 Transformations of the coordinates of vectors with respect to the
basis of the reciprocal lattice under corresponding symmetry
transformations.

§ Type of position in which the position of ¢, type transforms under
corresponding symmetry transformations.

So, for example, in Blanter (1985), in the case of
octahedral coordination of the interstitial atoms in the
b.c.c. lattice, the noncentrality of the strain-induced
(elastic) interaction takes place at the sixth, seventh efc.
coordination shells, though, as may be seen from Table
4(b), the fifth shell is also present besides the above-
mentioned ones.

5. Matrix of mixing-potential Fourier transforms for
reciprocal-lattice arbitrary points of disordered f.c.c.,
b.c.c. and h.c.p. solid solutions

Under the theoretical development of interatomic
potentials (or of mixing potentials) in solid solutions,
the methods that permit one to find first the Fourier
transforms of these potentials are used, as a rule (e.g.
Khachaturyan, 1978, 1983; Krasko & Makhnovetskii,

SYMMETRY OF INTERATOMIC LATTICE POTENTIALS. 2

1974). For the symmetry adequacy of such methods, it is
necessary (as shown in paper 1) to take into considera-
tion the conditions imposed by the space symmetry of the
solid solution on the potentials of interatomic interactions
of its atomic components. For the Fourier transforms of
the potentials, these requirements are expressed by (8)—
(11). Using these equations and Tables 1-3, one can find
the minimal number of independent elements of the
matrix IIng(k)II for the cases of f.c.c., b.c.c. and h.c.p.
disordered solid solutions, and also the analytical
relationships between corresponding matrix elements.
The results of this procedure are presented in Tables 5, 6
and 7. Each of these tables is the fragment of the matrix
[W22(k)|| under some given a, B and k. The indices p and
g enumerate the rows and columns of the tables and run
over the meanings

f.c.c:
{m, 0,1, 1,};
b.c.c:
{m,0,,0,5,03,t;, b5, ts, Uy, ts, t6};
h.c.p:

{my,my, 01,0y, 11,1, 85, 1}

The next elements are chosen as independent*

f.c.c:
{wmm’ Wios Woms wmll ’ wnm’ Woo» wol, ’ wtlo’ wt|l4};
b.c.c:
{wmm’ wmo, 4 wolmv wolo,’ w01029 wm!, 4 wolll ’ woltzv wllm’

Wi Wit s W Wi Whop s 15

h.c.p:

{wmlml 4 wmlm2’ wmlo| 4 wolml ’ wm|l| ’ wmllz’ wflm, ’ wf2m| ’

Woii,5 Woit,0 Who s Whoys Wity s Wiy Wy wrlt,,}-

All the remaining elements of the matrix [|W26(k)|| are
expressed in terms of the independent ones by the use of
the relationships presented in Tables 5-7 in correspond-
ing cells. The symbol w is used for the designation of the
complex quantities and the symbol V for the real ones.
As an example, for the case of the h.c.p. lattice we get
from Table 7

W (ks by k) = W50, (—ky, ks, k)

x expli2n(—k, — k, + k;)],

where k,, k, and k; are the coordinates of the vector k
with respect to the basis of the reciprocal lattice.

*The indices o, B and the variable k are omitted for clarity.
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Table 4. The numbers and the radii of the first three coordination shells of the possible noncentrality for the pairwise

interaction of atoms at sites (m) and octahedral (o) and tetrahedral (t) interstices within disordered f.c.c., b.c.c. and
h.c.p. crystal structures

(a) F.c.c. structure

| fee m 0 1
nl on Iml o |m| n dn|l n |m| o dn| 5 Ini n |ml 5 Inl &
mlof 32 13|18 16|42 4| 32 V7lag7lio]| 32 |4|3a3|7|2 g|a
5 2»/% zm 3 2Jﬁ 5 4J§ 4Jﬁ 4./5
3a a Sa 3a a a 3a a a
ola| 32 |72 10 22 9 132 16{4 4138 3l712 g|e
> 2m > = 24% 2J3_4 4J§ 4J§ 4J§
3a a a 3a a a a a 3a
tl4|223]17(8 8|2 4l zl712 L3S 3l23106(2 g| 3a
4J§ 4Js_l 4\/5_9 4J§ 4J§ 59 53 2J€ 5
(b) B.c.c. structure
bed m 0 1
mion Aml s Am| n In| n (m| n fm| n Im|l 1 |m) n Im| 5
3a a 3a a 3a a 3a a
mli0[3¢ 3]13| 3a |18|2 s 22 |92 10 4(a 6|22 5517(8453
2J§ 2»/5 3 2m 5 4.@ 4\/' 4J_
3a a 3a a 3a a Sa
oS5 = |9(= 10 22 14| ¢ }|s5]2 7 3] 22 1s51Ea7 |7 =
2 2‘“_7 2 7 a2 4 4’/_ 4
t]4]2 6|3a5l7)a 3| 38 ls|a 7| %2 |s|eml7(2vial 8| @
4@ 4J§ 4./5_3 4 4Jﬁ 4 4J_ 4J1_
(c) H.c.p. structure
hep) m 0 t
ml on Iml s dnl s In| 1 Iml n Ini  Iml n dml n dmi &
ml1| o la| a3 18|, 177|322 |8| [ |t0|, 38 1|32 |3}a 1]5]a 57
a %3 V2 W72 Vs 26 | |2v2] [2V%
ol7| 3a 18| [i1]10 QGJI__I9 17 (12| o7 | 3|a 11| 5]a [57)7|a [27
2 N7 | 1ol (Y3 ] [N 2v2 ] [2Ve ] 212
rl’ﬂsgl_lszﬂngE555_775£3a 5| .2 17] a2
6 | 2vz2 | [2ve] [2v2] [2Ve) 2V 2

In the particular case of a = 8, according to (9) and
(10) the additional requirement on the matrix elements
wh(k) is

Table 5. The matrix of the mixing-potential Fourier

transforms Hﬁ’gg(k)ll for the disordered f.c.c. structure

under the fixed o, B and k, where K is an arbitrary point
in the corresponding reciprocal lattice

W;Z' (k) = wg, k), (12) — = - -

ie. tl}q corresponding block of the matrix must be | Vokkok) | Pk k) |6 (kK k) Wi, (ks Ky k)

Hermitian. g~ tebehiks) L g Abeke)

From (9) and (10), one can also connect the matrix |, bl ko k). i ] B

elements w/(k) with the different sets {af} distin- P Valkikp k) | Wik k) | W (ke kk)

g::i;l-wd from each other by exchanging the elements [7 onl, Ky ) o e ) o ko) o)
. . ol Falkokl) |G e k) | R ekk) | ks k)
(k) = w7 (K). (13)
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Table 6. As Table 5 but for the b.c.c. structure

= m o o o, 4 1, 2 2 g 1A
™y Vo (kb 1) -V, (ke K Ky )V, (R k) . - W, (ks k)|, (ke Ky e )-[ (K )
Vaulky by k) ,,—m.-n,;’ P N W, (ko kg by )| W (e ey k) |90, (K Ky K) ) .ejuw‘,_, .ef; PN
B LMCRWS)] P ACENAR AR P ; (5.1, B o U K ) (92, (B )|, (R )
L eMheh) Vou ksl k) L gt proes) (ko ) “'m.("\'kl'k!)w‘(l.c'ef“k’) " e ” e ” ey
oflll ik ol b ) Vo ) ook R T (BB (ks s )| P B ) 12 (K ) 182, e )
L ghen) R L gtb-t) s Lo Lo Lo
ﬁlz.(l,‘:;kz)’k‘). V-.,(i»‘li')kz) V%(f:‘,.,ﬁ:)kl). ';m(kvkzvk\) ﬁqa(k;:’%;k;) ﬁ\A(EJ'EI'EI)‘ \;'M(Ic,,k”k’) ‘;"h(k"f”::") ‘;:;,(kl'ﬁ;xkx)“;';;,(kuﬁ;k—))'
. ™A Lok .e Lo Y4 -€ .€
] T v - T T W + + W _,_,E
1), (ks )| ey ) [P BB ), () | 4 ) 4, () P (B B ), ) [P 6 o FulbRoR)
et L eh ky k)€
ul; . . CIN U3 1 R SRSN [N | N (9L PSR, N -
g EMCYCN] LN CHONN N CRCREN WIS Talh ER A1 O 000 | g o, (B, B B )| e (R ) [, (e )
.elz.c, -€
515, (kb ) | Fen (BB B )5, (k)| 3, (s e ) 'a*"i'_‘i;ﬁ"k’)‘ ¥y, (BB E,)- b (6 ) | s k), (5, )| P (B )
et . . e¥hi2
Vel ko )|, (ks ey ) (e ) (7, (e ) _ ., » W, (ks k)|, (ks )
J ‘.e::::--m v "fe',f*,,"‘ 5 (ke )| B, (b ey ) 2 Oy )| 9, (B ) ”ﬂﬁiﬁn ”*ﬁ‘ei k)
Veaky ko k0 )| Wi, (ki ey ) - [1, (By Ly ) (7, (R K ) - _ Wy, (ke ky k)| _
" ‘-iﬂ-(h’f:vl:‘) L™ 5 k.‘g‘l:}dak’ 5 (k;::.k’ W“(k,,lc,,k,) whq(’ﬁ»kz;k)) w‘m(kuqukx) w}i(:’n,n k‘) whh(h’k?’ki) W,',.(k”k.,,k,)
Velky e by )|, (Ko dey K ) - 3, (K Ky K )|, (KL Ky ) . . W, (ko Ky k) L _,
1 ‘_Lu:lf‘) v Tl )R ("jef:,"’) o ) 5y G s ) 5 ) [P B 0| 3 6 )
Table 7. As Table 5 but for the h.c.p. structure
[xen - LY o o " n L5 Kl
| an (fe k) | () | Rk | 5 (b, ) | s irknks) | 9k k) | BanlbokaB)- | o (g )
el
ol (6, k) | o (6 k) [ el k) i (b ). [, (ko B)- | G (g ) | o rkds) | 92 G k)
Lglihheks L gltelhenh) el ~
; Wom kb k) | . w| s 5 Wy (ki ke k) | s, (kg k)
i SCEE Rl IANCITPR N DOV EG] IEMCICRSE IENCRERS W s | iy
o | o Uk ) | W (k) o (kb B)- | g (7)) | Pk B) | Rk B)- |G (e ) | Pk Bs)-
e g bbb Y - . gttt o ey
f] b llnkk) | Fimlbokk) | 6, (ki) | Bialoko B | i (kb)) | (B kk) | (k) | (B ks k)
Let™h . e"'("""
Bl Btk k) | (b B) | Palloksk) | Falkob ) L (ekaR) | G By | G (i B | PlkokR):
T e i " et
ol Pl B) | e (kb k) | FielBrknk) | o L e k) | Bk k) | B kk) | Rk k)
gt | gkt ot 1o \R1 2 K2, Ky
2, = X W) v, (k"k“k’). W knkn’?x . o . W :kz»’?: . J :k)'E) . = k.
| . (kK K N CROWY) “_,n-u-n,.m 0 ( v ) W,.,.(kukz:k)) w“(k‘.,n-.) W, (k ‘e'w’) #,, (k)
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Table 8. Matrices of the mixing-potential Fourier
(0,0,0) (I

transforms ||ﬁzf,‘g(k)|| for the disordered f.c.c. crystal

L2

Vie

Via

A

Vi,

Vi

L5

Vau

0
Yiee
0
0
Vis

13

I

Vi

V/.r,

Is

Vi

Is

Vi
0

Vnno (=

1

Vig

Vin

L

o, —VM

Vi
0

4

0
0

L)

Vi

1)

)

_ VM - V%

L2

0
0

[

Yo

4

L

Vr.t,
0
0

Vi
0

Yo

4

5

Vao

Vi, | Vo,

Vm.
0

4

Via

o

- V'.ol

%

Vi |~Vie

_iVlm _Vlm

i Vr.o. _Vf.o.

_V'.v, _iVI.v.

0
iV,

L Vi | Vio,

I Il I

4

13

4

@k=(0,0,0) (N

@k

©k=(1/2,1/2,-1/2) )

V:.r.

Via

5

Vi

Vr,v,

V., |-V,

0

Y

L1

o

Vie

Vie

Vim

Vi

LT

n

g EA A

o
]

b)) k=(1/2,1/2,1/2) (L)

(©) k=(1/2,1/2,0) X)

@) k=(1/4,3/4,1/2) W)

The rules of transformation for the independent matrix

components ng(k) due to the application of the elements

of the corresponding symmetry group can be obtained

from Tables 1-3 using (8).

, which corresponds to the octahedral

)|

interstices for the cases of f.c.c. and h.c.p. lattices, has
A B

Note that, as may be seen from Tables 5 and 7, the

block [

the form

@ k=(1/4,1/4,1/4) (P)

(60)
where A and B are the matrices of 2 x 2 dimensions.

From Tables 5-7, one can also obtain the following

analytical relationships

fc.c

Re w22(k)/Im w22 (k) = —cotan n(k; + k, + k3);

(14)

b.c.c:

(15)

Re ﬁ)gf;oz(k)/lm ﬁ’ﬁﬁ,z(k) = cotan 7T(k'z - kl)’
Rew (k)/Imwe (k) = —cotan n(k, + ks);




472

SYMMETRY OF INTERATOMIC LATTICE POTENTIALS. 2

Table 10. Matrices of the mixing-potential Fourier transforms ||ng(k)|| for the disordered h.c.p. structure with fixed

o, B
@k =(0,0,0) (IN @ k=(1/3,1/3,1/2) ()
Flm|m)olala|6]ls | H m | m|la|la]ln|nle|n
MV NV 1 Via Vo 1 Vi | Vi | Vs | Vi mly, (0]0]0]0 |y, |,
"2} Ve [ Veu | Vino | Vonss | Vit | Vot | Vot | Vi, m| 0 Vom 0 0 Vo, 0 0 Vo
% | Van [ Yo | Yoo | o | Vo | Yo | You | Vo af O] O O fOjO0]O0
| Vo [ Vom | Voo | Voo | Yo | Vo | Vo | Vou al 0 0 0 Voo, 0 0 0
0| Vi [ Vim | Vi | Vi | Yan | Vi | Vo | Vo J R B R AR BRI
8 Vi | Vi | Vi | Via § Vi | Vau | Voo | Vi HIAE LA AN
8 Vi [ Vi | Vi | Vio | Y | Vi | Yin | Vo BV OO 1O [0 M M| ®
4] Vi | Vim | Vo | Vi | Vi | Vi | Yo | Ve J RN EEER AR RRIA
®) k=(0,1/2,0) (M) @k=(0,1/2,1/2) L)
Ml m | mla|loa|lsl6]leln Llm [ m]loa|ala|6a])s]oe
™ VM\ Vnnx V"M Vna h VN: V-'x LX) ™ V»m 0 V'-m _Vnﬁ V~xf. Ve, | Vo | Vs
™ V-m VM\ 'Vnm 'V-m V’\’x V»nr- Vu.l- Vn.r: ™ 0 an V-m V-m 'Vm Vnh V-'. V"’l':
a V'm “am VM VM Vm. Va', ’VM —V,.,’ o,‘ VN'\ am VM. 0 Vql. Vqr; Vql- Vq,’
% VM\ V’n"a va VM 'V% —VM V'-': Vﬂ'n il ol am 0 Vﬁ“' —V,._.’ V“’l Vﬁ" _V"'!
Y Vim [ Viw | Vi [V | Yar | Vi | Vo | Vi W Vi | ~Vim | Vio | Vo | Vi | Vi | Vi | Vi
2| Vor | Vi | Vo |=Viod Vo | Ve | Verr | Vin 2| Viw { Vi | Voo | Vi | Vo | Vo | Ve | Vin
3 Vm [ Vim | Vi | Yoo | Yin | Ve | Vis | Vi 5 -Vim| Vim | Voo | Vo | Vi | Ve | Vi | Vi
" Vim | Vem | Yoo | Vi | Yiea | Vi | Ve | Vo Y Vi 1 Vem, | Voo | Voo | Vit | Vi | Yo | Vi
(© k=(1/3,1/3,0) (K) (f) k =(0,0,1/2) (A)
Kl m | m o 9% 4 n L) 4 Al m | m | o % 4 n L] /)
™| Vo 0 0 0 0 Vot | Vs 0 " | Ve 0 Vo |=Va| Vot | Vintr | Vouts | Vot
™ 0 V'\'\ 0 0 L 0 0 V"l'a ™ 0 Vw'h _V"-ﬁ 'Vm V"': it Vw. V"q’:
af 0 0 Vm VM 0 0 0 0 a Vtm "VM. Voo 0 th V% “Vor|Von
al 0 0 Voo, | Van 0 0 0 0 o, “Vom|-Vam 0 %% Va': Vor{ Vor, {Von
JREIN RS AR REIA 0 Vi |V | Vi | Van | Vo | Y | Vi | Ve
oV | 01010 )0 I n K0 AN A EAEATA A EA
3 Vim 0 ojofo Vi | Vi 0 5 Vim | Vim | Yio| Ve | Vo | Yoo | Vi | Vi
WOw. % 0w (1% n AN EAEAIAEAEAIA
h.c.p: transforms ||W26(K)||. As shown by Sanchez, Gratias &
- B 8 _ ) de Fontaine (1982), Khachaturyan (1978, 1983),
Re wgr,, (K)/Im w5, (k) = —cotan mks; (16)  Solov’eva & Shtern (1990) and Zhorovkov (1993), the

where Re and Im mean the real and imaginary parts of
the complex quantity, respectively.

6. Matrices of the mixing-potential Fourier trans-
forms for the high-symmetry points of a reciprocal
lattice

Under the statistical-thermodynamic analysis of the
stability of ordered structures within the method of
concentration waves, it is necessary to know the normal
concentration modes of the structural instabilities that are
specified by the eigenvectors of matrices of the Fourier

concentration modes can be found using the information
on independent elements of this matrix.

The specific place in such an analysis belongs to the
Lifshitz points* of the reciprocal lattice since these points
correspond to the stable ordered structures, which have a
wide range of existence in the phase diagrams of solid
solutions and are most often observed in experiment
(Sanchez, Gratias & de Fontaine, 1982; Khachaturyan,
1978, 1983). Therefore, it seems to be useful to construct

* By definition, the wave-vector group of the Lifshitz point contains
the symmetry elements intersecting at one point (Landau & Lifshitz,
1980; Khachaturyan, 1978, 1983).
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the matrices of the Fourier transforms of mixing energies
also for the Lifshitz points. The results of such a
consideration are shown in Tables 8(a)—(c), 9(a)(c) and
10(a)-(f) for the disordered solid solutions with f.c.c.,
b.c.c. and h.c.p. lattices.

Each of these tables presents the fragment of the
matrix ||W;5(k)|| at some given «, B and given vector k,
which corresponds to one of the Lifshitz points of the
structure under consideration. The convenient designa-
tions introduced by Bouckaert, Smoluchowski & Wigner
(1936) for the high-symmetry points of reciprocal lattices
are used. The symbol V is used for the designation of the
real quantities. The additional requirements on matrix
elements W;’,‘g (k), as in the case of the non-Lifshitz points,
are (12) and (13). Note that for the Lifshitz points all
matrix components ng(k) necessary are real or
imaginary. Moreover, the elements belonging to the
same types of position (one of m, o and f) must be real.*

The analysis carried out in this work concerns the
symmetry properties of the mixing potentials of the
lowest orders (unary and binary) in disordered structures.
Similarly (on the basis of the approach proposed in paper
1), the study of mixing potentials of higher orders and/or
for ordered structures can be performed.

*The block ||izm‘,,,,l_(k)|| of the Fourier transforms of the mixing
potential corresponding to the sites of a disordered h.c.p. binary solution
was obtained by Sanchez, Gratias & de Fontaine (1982) and Zhorovkov
(1993) both for arbitrary and for the high-symmetry points of reciprocal
space. The same results for the block ||w,,, (K)I| corresponding to the
octahedral interstices of disordered b.c.c. binary solution were given by
Khachaturyan (1978, 1983) for the cases of some high-symmetry
points.
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Abstract

Structural classes (SC) are very useful for the description
and consideration of molecular arrangements in crystals.
The distribution of 19642 organic homomolecular
crystals among SC has been investigated. 305 SC
having very unequal frequencies were discovered. A
full list is given.
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Introduction

The concept of structural class (SC), proposed by Zorky,
Belsky, Lazareva & Porai-Koshits (1967), has proved to
be very convenient for describing the general features of
molecular arrangements connected with space symmetry.
We sometimes say that the SC reflects ‘the topology’ of a
molecular crystal (Zorky 1991). The meaning of this
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